MAIN TOPICS

* Dynamics of Mechanical Systems,

* Degrees of Freedom and Generalized Coordinates
* Constraints

* Principle of Virtual Work

* Hamilton’s Principle

* Lagrange’s Equations

e Hamilton’s Canonical Equations

* Gibbs-Appell’s Equations

* Kane’s Equations
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Hamilton’s Canonical Equations
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MOTIVATIONS

* Obtaining first order equations directly
* Deriving equations in a simpler form

* Getting more insight in the dynamics of a system

d ( oL ) oL Q N second order differential
dt oq,” oq - equations based on ¢, q,,...,0Q,
oL S . .
po=—"7" H= z P, —L 2nfirst econd order differential
i ! equations based on ¢, 0,,...,q
g oH 5 oH ; R
= > = an ) seees Pp
K apk k aqk P> P, P
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GENERALIZED MOMENTUM

* Definition: Generalized momentum is defined as
_oL_Jar
oG 0G

* Cleatly p is a linear function of q

_(OLbyr _ 0T
Py p_(ﬁq) (6q)
1. . .
T=T,+T +T, = EqTM(q,t)qﬂiT (a.D)q+7(q.1)
oT .
=>p= (g)T =M(q,t)q +B(q,t)

* Since M(q,t) is always PD, it is invertible and therefore it can be
concluded that qis also a linear function of p

= q=M"(q,t)(p-B(q.t)) = A(q,)p + pn(q,t)

* Since q is independent cleatly p is independent too.
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GENERALIZED MOMENTUM ]

* In a non-constraint and conservative system ( =0)
nc

.o . oL
pk_@qk, p_(aq)

* Definition: ¢, is called cyclic if it does not appear in the Lagrangian

of the system.

* In a non-constraint and conservative with cyclic coordinates

. oL oL
p, =—=0 = p, =—— = constant
o

r
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HAMILTON’S CANONICAL EQUATIONS ]

* Example: Spherical Pendulum

T= m(ﬁe’2 +z2(pzs§) ., V=mgl(1-C,)

L=

B[ — N[ —

m(zzé2 +z2¢2s;)— mg((1-C,)

7 m

. : : : .
* System is natural and conservative and ¢ is a cyclic coordinates,
therefore immediate integral

oL

p,=—= m€2¢S; = const. (angular momentum about the z-axis is constant)

4 8(0
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HAMILTON’S CANONICAL EQUATIONS

* Definition: Hamilton’s Function is defined as

DAL . " n :
H = Za—'qk —L definitionofp H = Z PG, — L= qu_ L
k=1 OO k=1

* Itiseasytoseethat L =T +T,+T,-V=>H=T,-T,+V

* Using p instead of q

H =H(q,q,t) definitionofp H =H(q,p,t)
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HAMILTON’S CANONICAL EQUATIONS

* Therefore H =H(q,p,t) = oH :Z ﬂé‘% —|—ﬂ5pk
ko \ OO Py

* Also H :Zpqu—L

k=1

| oL oL
= 5H:Z(qk5pk+/pb(§qk/_a5qk_—. Qk]
k=1 K

k

* Comparison
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HAMILTON’S CANONICAL EQUATIONS ]

* For conservative and non-constrained system

d oL oL . oL
— ) mo—=0 = p=——
dt o, oq, OQ,
* Hamilton’s Canonical Equations
qk:a—Ho pk:_a—H k:1,2,...,n
OPy oq,
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HAMILTON’S CANONICAL EQUATIONS ]

Steps:
1. Determine the system Lagrangian: L =T -V
| | oL T,
2. Determine the generalized momentum: p=(=-) =(—-)
oq oq
3. Determine q based on pand q: q = M (p—-P)

4. Determine Hamiltonian as a function of pand q: H =p'q-L

oH . oH

—_—, =—— k=12,...n
opy 0Q

5. Detive the equations ¢, = P =
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HAMILTON’S CANONICAL EQUATIONS ]

* Conservative and non-constrained system

. OH, . H
q—(ap), p (8q)

* Non-constrained system

. H,+ . oH
= (— R = —(— —|— ne
q (5) p (aq) Q

* Constrained system

. oH ) oH
q-= (—)T s P= _(—)T _AT)" + an
op oq
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HAMILTON’S CANONICAL EQUATIONS ]
Spherical Pendulum :

T =%m(z2é2 +06'S))

V =mg((1-C,)

L= %m(zzé2 +€2(p28§)—mg€(1—cg)

aL 2. 2
p(p—@—(/.):mg ?S)
H:a—L.zmezé

00
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HAMILTON’S CANONICAL EQUATIONS

« EOM
p2
H=p@+p0-L =H= 2(p§ S‘;] mg/(1-Cy)
()
oM =L
op, my
. oH oo P
Yo, m’s,
— = 5
oH . D
] by =gy O
()
_oH .
(,,—_% p, =0
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HAMILTON’S CANONICAL EQUATIONS

For a non-constrained and conservative system

Z”: 8H 8H 8H dH OH :_8L
k=1 ot ot

* If time does not appear in the system Hamiltonian or equally

Lagrangian then

8_H =0=H =h=constant = H =T, -T, +V = constant

which is called Jacobi Integral
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14




HAMILTON’S CANONICAL EQUATIONS ]

If the system is natural then T, =0

H=T, +V =T +V = constant

In other word in a natural system, Hamiltonian is total energy of
the system and is constant.
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HAMILTON’S CANONICAL EQUATIONS ]

L:%m(fzéz +0°¢"S; ) -myl(1-C,) -

1. System is natural therefore total energy 1s constant

/

H=T+V= %m(ﬁzéz +€2¢2S§)+ mg/(1-C,) = const. = C,

2. and @ cyclic coordinates therefore another immediate integral

o = S—L =m/’>@S; = const.=C,

%

(angular momentum about the z-axis is constant)
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HAMILTON’S CANONICAL EQUATIONS ]

* Integral equations

1 H o1 :

U U
o o ren 2 s 2
0SS =4S, = 0°+¢’S +79(1—c:9) =+ @3S +7g(1—090)

* On other word 4 first order equations or two second order equations
have been reduced to two first order equations

* Final word - difficulty in Hamilton's canonical equations: transferring
from H(q,q,t) to H(q,p,t) which needs calculation of q based on p

q=M"(q,t)(p-P(q.t))
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Generalized Velocities and

Generalized Speeds
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| MOTIVATIONS ]

There are two major drawback in the Lagrangian approach:

* In the case of constrained system, it does not directly give n-m
independent equations of motion

* In many cases (like spatial rigid body motion) time derivatives of
the generalized coordinates are not usually meaningful

Generalized speeds establish good ground to introduce other
analytical approaches like Gibbs-Appell and Kane’s methods that
do not suffer from the above deficiencies
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| MOTIVATIONS ]

Example: Rolling Disk
* Rotation angles and sequences: ¢,0, and 3-1-3
* Angular velocity of the disk in the body frame (x,y,2)
@ = 0i+¢S,j+(¢C, +y)k = 0i+ o j+ ok

* Itis casier and meaningful to use ,,w,,w, instead of ¢,0,y

P ~ ¥

/’\\\\,{\ :G Rl.'l:l\'g

PP

Rsinfd

Initial position and precession X Nutation Side view
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[ GENERALIZED VELOCITIES

)

Definition: time derivatives of q=(q,...,q,)" defines another set

of variablesq = (q,.,...,q,)" called generalized velocities

* Generalized velocities at each instant defines the system
velocities.

v, =vi(q,q,1) = Zﬁik(‘bt)qk +1,, (g, 1)

k=1

o, =0,(q,q,t) = Zﬁik(qat)qk + 1, (q,1)

k=1

* Used to determine the generalized forces

N 0, N
. | B L
ZF +T—— = Q _ZFi°r|ik+Ti Iy
i=l1 k aQK i=1
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[ GENERALIZED VELOCITIES ]

* Example q=[6?, B, X]T

dvl: v _gl S’: C’:- —>_€1 S': C’Z
Bo ylle _7(_ q11+ ql.])ql - Ny, _7(_ qll+ Q1‘l)

:qlf(:ﬁn :f{
- l, 3 N
Body2: v = > (—C,i—S, )G, +Gsi
- l, 2 AN~ 2
= Ny :7(_qul_cq2.])7 My =1

:be{:ﬁzz :f(

Body3: vV, =Gi=M, =i @, =0
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[ GENERALIZED VELOCITIES ]

* For a system with M# 0 constraints, the generalized velocities
like the generalized coordinates are dependent through the

constraint equation
n
D ad +a,=0, i=L..m
k=1

* For this system regardless of its constraints’ type, one can always

select p=n-m independent generalized velocities

(o IO qp
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[ GENERALIZED VELOCITIES ]

* Other generalized velocities can be expressed based on these
independent generalized velocities

n
D 3G +a,=0, i=1L..,m
k=1
:*quaiqumm, j=n-m+1,..,n
k=1

* Matrix presentation

Aq+a, =0 Partitioning [Ai , Ay ]{2' }+a0 =0 =
A ——

q
Aq +Aqy+3, =0 = q,4 =—A&1(Aiqi +a,)
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[ GENERALIZED VELOCITIES

Example:
* Generalized velocities: ¢} = 9, g = ,B , g =X
./ Y

* Independent generalized speed: ¢, =6

* Constraint Equations:

0§-0C,=0 = 1C.q+0,S,G =0

0C,+0,S,=x = £5,6-C, ¢+ =0

. (C, . _ (C . .
=04 =-—2"4 G=—% G
¢S, S,
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[ GENERALIZED VELOCITIES

From matrix operation

4] |<q, tC,| .S,
Aq=0 4= A=
&[4, ¢S, | |-C,
_T T
((C, |
(e ) 1 G
s,
=q,==-A,Aq =+ >:_<£C g0
o) |
L “ )
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[ GENERALIZED VELOCITIES ]

* System velocities also can be expressed based on the independent
generalized velocities

S
3
S

Vv, = ﬁllk (gq,t)q, +ﬁi’t (g,t) , 6)i = ﬁ:k (q,t)G, +,'_ii,t (q,1)

1 k=1

=~
Il

* Previous example:

G=-—"="0¢ G=-"2"-2q
‘S, S,
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[ GENERALIZED VELOCITIES ]

- 1 : WA =1 4 A B
Bodyl: Vo =—-(-§,1+C, D4 = i, =-(-§,i+C,)

6)1:q1k = ﬁilzk

~ 1 : PN
Body2: Vg = 72(—qu1 =S, D4, +Gi

-, ! A 3
= nZl = ?((C% qu - 2CQ1 -0 )l + qu SqZ J)
9,

— T — glcql %
(’)2:Q2k:>u21:_gs k
2%,
Body3: v = Gi o DGy ®, =0
oays: v, =01 = M3 = S 1 0,
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[ GENERALIZED SPEEDS ]

Definition: instead of generalized velocities, it is possible to
define n scalar variablesu = (U,,...,u.)" , called generalized
Speeds, in order to illustrate the system velocities

* What is the difference between generalized velocities and generalized

speeds
d d

us—Ww

=51 at

* In rolling disk example:

@,0,y timedifferentiation @, 9,(//

no actual variables j S C v
_ , = w, = ®, =@ @, =¢pC, +y
to be differentiated X y v z 0
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[ GENERALIZED SPEEDS ]

Definition: instead of generalized velocities, it is possible to
define n scalar variablesu = (U,,...,u.)" , called generalized
Speeds, in order to illustrate the system velocities

Vi =Vi(q,u,t) = Z?ik(q9t)uk +7(q,1)

k=1
o, =0, (q,u,t) = Zﬂik (q,D)u, + B, (q,1)
k=1
* Set of Generalized velocities is a particular set of generalized speeds

* If the system is constrained the n generalized speeds are not
independent

* Minimum number of independent generalized speeds to describe the
system velocities 1S p=n-m
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GENERALIZED SPEEDS ]

Example: Rolling Disk with slip

* Generalized coordinates: q=(6,0,w, X,Y)'

* System velocities:
@ = i+ ¢S, j+ (¢C, + ¥k
Ve = XI+YJ+ZK

Ve =Vg +@®xRe g =(X —RIS,S, + R(OC, +)C,)I

+(Y +RIC,S, + R(OC, +47)S,)J +(Z - ROC,K
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| GENERALIZED SPEEDS ]

* Contact with the ground: Z =RIC, =Z =RS,

* Generalized speeds:
u=(u =60,u,=¢S,, U, =C, +y, u, = X, U, =Y)"
* Velocity description
0= iul +ju2 +lA<u3
Vs = RC,Ku, +1Iu, +Ju,
Ve =RS,(=S,1+C ), + R(C,I+S,J)u, +1u, +u,J
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| GENERALIZED SPEEDS ]

* Note that selecting a set of generalized speeds means we can
describe the system motion by (q,u,t) instead of (q,q,t)

* Since velocities are linear function of the generalized velocities, the
transformation between generalized speeds and generalized velocities
1s linear, 1.e.

U, =Z‘Pij (q,0)q; +y;(q,t) inbrief u=¥q+wy

j=1
G = Zcpij (q,H)u; +¢,(q,t) inbrief q=Pu+¢
j=1

* If p=n (non-constraint) then:

* @ and V¥ are invertibleand Y =@, y=—®'p, p=—¥'y
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| GENERALIZED SPEEDS ]

Example: Rolling Disk with slip

* Generalized coordinates: q = (&, ,w, X,Y)"

* Generalized speeds:
u=(U =6,u,=¢S,,u, =@C, +17, U, = X, U, =Y)"

* Transfer matrices

1 0 00 0 1 0 000
0S 000 0 1/S, 00 0

p=y=0, Y=|0 C, 1 0 0|, ®=[0 -C,/S, 1 0 0
00 01 0 0 0 010

0 0 00 1 0 0 00 1
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| GENERALIZED SPEEDS ]

* If the system is autonomous and scleronomic then

—

?it:Bit =M, =1, =0

=)
=)

Il
Y
=

c

MikOk> Vi

<
Il
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| GENERALIZED SPEEDS ]

* Similar to generalized coordinates, set of generalized speeds 1s
not unique

* In contrast to generalized coordinates even for non-holonomic
system, we can always select p=n-m independent generalized

speeds.

* The set of independent generalized speeds are selected by
inspection based on experience.

* Again for n-m independent generalized speeds u=(U,,..., Un_m)T

S

n-m —_m
. 1] [} — - — ! ! 4
q=Pu+o = v, = Zykuk+Y|t , 0 = Piu +Py
k=1 k=1
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| GENERALIZED SPEEDS ]

m
g =U, 1
¢ C ¢ C
G, =—— Ollu1 - @'= ¢' =0
Kz SQz 62 SQz
. EICQ -0, KlCQ] -0,
q3 - S ul - g
§ q2 L q2
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[ GENERALIZED SPEEDS ]
b A : : L a 6C g
Vg, =?9(—SHI+C9J)=7(—Sqll+quJ)u1 Vm:X1=—S—21 U,
o ~ J q2
i1 Y

~!
V31

- b, . P 2 :
Vo, =2 A(-C,i-S,)+ % == -((C,C, ~2C, i+C, S, i)u
2 25,
i

.. UG, - )
o =0k=kuy o,=pk=- ku, 0, =0

— 1,5

i L
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| GENERALIZED SPEEDS ]

Consider a constraint system with n generalized coordinates and n
y
generalized velocities, i.e.

* There are m constraints: Aq+a, =0
* q=(¢,....q,)" and u=(U,,...,u,)" are both dependent
q=Pu+¢
* Substituting for q and u in constraint equations
Aq+a,=0=> A(Pu+9)+a,=0= A'(q,t)u+a,(q,t)=0
inbrief A'u+a, =0
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| GENERALIZED SPEEDS ]

* A set of p independent generalized speeds can be selected
u, = (ul,...,up)T u= [uI,uH]

* Substituting in the constraint equations
[ !/ ! !/ [
Au+a,=0=> A, +Aju,+a, =0
r—1 A7 =1~
=>u; =-A;A)u, +(-A a)=>u; =Tu +o

* It means A’ should be partitioned such that A}, is nonsingular
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[ GENERALIZED SPEEDS

e Relation between q and independent set of generalized speeds

u= [uI’uH] u; = _Ail_lA;uI - A;I_Ia(')
q=Pu+p >q=Pu, +P,u, +0

= (0, -®,A;'A} Ju, +(p- @A} a)

. v o

(IV>' (0}

=q=P'u, +¢

Advance Dynamics (Fall 95-96 Mehdi Keshmiri)
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[ GENERALIZED SPEEDS

Example: Rolling Disk without slip
* Generalized coordinates: q = (6,0, X,Y)'
* Generalized speeds:
u=(U =6,u,=¢S,,u, =¢C, +17,u, = X, U, =Y)'
* Constraints: rolling without slip

-RS,Su, +RCu; +u, =0
Ve =0=
RC,Su, + RS,u, +u; =0

Advance Dynamics (Fall 95-96 Mehdi Keshmiri)
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| GENERALIZED SPEEDS ]

* Independent and dependent generalized speeds

u, :(u1:u2:u3)Ts uy :(u4:u5)T
* Constraint mattices:
—RS(/, S 0 RC¢ 1 O —RS¢ S 0 RC([,
A= = A= , Ay =1,
I RC(pSg 0 RS(p 0 1 | i RC(/JSQ 0 RS(/)_

Fr=-A'Al=-A!, 6=0
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| GENERALIZED SPEEDS ]

* Transfer matrices (= (9, oY, XaY)T

ll:(u1 :9., u2 :¢Sa, u3 :¢C0+W, u4 = X, U5 :Y)T

q=®u Q=0 -D A 'Al
I ollo 0] 1 0 0
0 1/S, 0/l0 0 0 1/S, 0
®=||0 -C,/S, 1[|0 0 @ =—|0 -C,/S, 1
0 0 o/l1 0 RS,S, 0 -RC,
10 0 0[l0 1 -RC,S, 0 -RS, |
q=®P'y,
44
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[ GENERALIZED SPEEDS (REVIEW FROM THE PREVIOUS LECTURE) ]

* Generalized speeds are a set of n scalar variables u =[u,,...,u 1",
which can be used to express the system velocities

Vi =Vi(q,u,t) = Z?ik(qat)uk +7;(q,1)

k=1
©; =0 (q,u,t) = Zﬁik(qﬂt)uk + l_jit (q,t)

k=1

Example: Rolling Disk with slip

* G.C: q=(0,0,, X,Y)’

e S.V: ¥, = XI+YJ + ROC K & =60i+¢S,j+(¢C, +y)k

« GS:u=(U=60,uU,=¢S,, U, =¢C, +y7, U, = X, U, =Y)'
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[ GENERALIZED SPEEDS (REVIEW FROM THE PREVIOUS LECTURE) ]

* There 1s a linear transformation between the set of generalized
velocities q and the generalized speeds u; q=®u+@

* In the rolling disk example

rq1=u1 _1 O 0 0 0 _

o =u/S, 0O 1/S, 0 0 0

(G =—(cotO)u, +u;, = ®=0 -C,/S, 1 0 0 | ¢=0
q, =u, o 0 0 1 0

05 = Us o 0 0 0 1
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GENERALIZED SPEEDS (REVIEW FROM THE PREVIOUS LECTURE) ]

* System velocities:
Vs = XI+YJ + ROC,K = RC,Ku, +Iu, +Ju,
@ = 0i+ @S, j+(¢C, + ¥k = iU, + ju, +Ku,

Ve =(X-RIS,S, + RC, +y)C,)I+(Y + RIC,S, + R(OC, +1)S,)J

=RS,(-S,1+C,J)u, + RC I+ S J)u, +1u, +uJd
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GENERALIZED SPEEDS (REVIEW FROM THE PREVIOUS LECTURE) ]

* In a constraint system it is possible to select n-m indepenedent
generalized speeds (u, ) from the set of generalized speeds (u)

B T YU
u=[U,....,u U ..Ul =
N o\ _ uH

B Vo

u; Uy
* Considering the constraint equations, the generalized velocities
and the system velocities can be expressed only based on the
independent generalized speeds (the prime coefficients)

q=P'u, +0¢'
A +Au, +a,=0 nem
U =3V =D TaU +Yi =
u, =TIy, +o :jn
@; = k Bi Uy + By
-1
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[ GENERALIZED SPEEDS (REVIEW FROM THE PREVIOUS LECTURE)

Example: Rolling Disk without slip

* GC.: q=(0.0.,X,Y)
e GS:u=(U =0,u,=¢S,, U, =¢C, +y, U, = X, U, =Y)'
* C.E. (rolling without slip)

-RS,Su, +RC,u; +u, =0
Ve =0=

RC,Su, + RS,u; +us =0
* Indep. and dep. G.S.

T T
uI z(ulau2>u3) ° uII :(u4su5)

Advance Dynamics (Fall 95-96 Mehdi Keshmiri)
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[ GENERALIZED SPEEDS (REVIEW FROM THE PREVIOUS LECTURE)
rql =y, | 0 0
Gh=u/S, 0 1/S, 0
16, =—(cotA)u, +U, = ®'=|0 -C,/S, 1
q, = RS,5u, —RC,u, RS,S, 0 -RC,
g =—RC,Su, —RS,u, -RC,S, 0 -RS,

§ -

ve =(RS,S,1-RC,S,J + RC,K)u, +(-RC,I- RS J)u,
0= iul +ju2 +ku,

Advance Dynamics (Fall 95-96 Mehdi Keshmiri)
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[ GENERALIZED SPEEDS (REVIEW FROM THE PREVIOUS LECTURE) ]

Question: Can any 3 G.S. be selected as the I.G.S.?

* GS:u=(U =0,u,=¢S,, u, =¢C, +y, U, = X, U, =Y)'

-RS,Su, +RC,u, +u, =0
*CE. Vv.=0=>
RC,Su, + RS,u, +u; =0

* Answer: NO

if w, = (U;,U,,U;)" and u, = (U,,U;)" what is the relation between u, andu,
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Kane’s Equations
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[ PARTIAL VELOCITIES

Definition: partial velocities

* In the Kane’s method we denote and name the vector coefficients
of independent generalized speeds, Uy, in the velocity and angular
velocity description as:

—Mm n-m
= —t
Z Y. U, + 7Y new notation ZV U, +v,
=1 k=1
n-m_ - n-m ’
B = ~ t
B U, + B/, newnotation ®, = ) ® U, +®,
k=1 k=1

* k-th partial velocity and partial angular velocity: Vik , CT).k

* time partial velocity and time partial angular velocity: V; , @

Advance Dynamics (Fall 95-96 Mehdi Keshmiri)
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[ PARTIAL VELOCITIES
* Note that
- _ = ~k ~t ~Kk i
vV, =v.(u,,q,t)= Zvi U +v, =V, =—-

* It is comparable with

n —>

i}':.a 9t —C
i (qq) ;aqqu 8’[
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[ GENERALIZED INERTIA FORCES ]

* Consider a system of N particles and n-m degrees of freedom

* For each particle:

—_

—_— = ’
ma= K + F
Sum of the Sumof constraint forces
active forces and non active forces

* Multiply by v and summing for all particles
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[ GENERALIZED INERTIA FORCES ]

im a-vhiﬁ&ﬁii V¢, k=1..,n—-m
i=l1 i=1 i=1

* Introduce inertia force i‘l* = —m) aand generalized inertia force

z

N N N *:
>R =R YR =9
i=! PR S e — k=1,...n—m

Q Q&

* The last sum is zero, since the virtual work of constraint forces is
always zero
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( EQUATIONS OF MOTION ]

* Kane’s equations of motion for a system of rigid bodies and n-m
DOF corresponding to the indep. generalized speeds u = (U,,...,u,)’

K =-ma,
-, d
i T 4
. it
Q=Q with defintion of Ng B
k=1,..,n—m Q :_ZE*°V:( + M -0

d; =4 +3ci %ﬁu :i'é)i + o, X(i'éi)+mﬁci X8

P.is a reference point on the body 1
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KANE’S EQUATIONS ]

Example: Slider —Crank (motion in vertical plane)

Y

* Npor=1, m=2, !

G.C. g=0,0=0 =X A

G.S: u]:H’ u2:lB9 u}:X
Indep. G.S. U, =0

* Constraint Equations:

05, -,C,=0=¢CU +/SU =0=u, __LS u
(.S,
v élcﬁ—ﬂ
0C+0,S,=x=(3U - CU+X=0 =u = S u,
B
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KANE’S EQUATIONS ]

* Velocities and Angular Velocities:

vlzf—zl(—sghcgj)q = v ——%Swg C,j

_ 2 A l, % A
v, =0S+CHu+ Ci-Sju =

CC 1 n
V. =0 (S, +—2)i+-Cj
v (( > )i 5 Jj

B
glce—ﬂ =] f1Cer—ﬁ
V=u=—_tu S V=
Sﬁ Sﬂ

O,=V,=V,=V,=0, =0, =@, =0
59
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KANE’S EQUATIONS ]

* Non-inertia active forces

N (s -
K :—”]QEIJ , K=- 932*] , E=0
1\711 =7k, 1\712 =0

* Inertia forces: F " =-ma, M,* = —(ié)i +, X(i°(_6i))

F =—M— (( Sl+ j)ul +(_C9i_sej)9u1)
=-—M 51((_8(}"1 _Ceuf)i +(C9U] B S‘gulz)j)

= (1 kketyfo) + Yl kROR) =1 Uk
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KANE’S EQUATIONS

__m, ([25S,-25S,C;+C,C,S ] +

2
28

+[(2C,8,-2C,S.C-C,SS), +(C |u)i

3m/ . 2\ %
_%(Ceul _Sau1 )J

_mé, (£.C,Su+[£CiC, .55 |0 )k

— m€ 2 2 277, 2)\5%
F =1 -(£,8,.,Su+[1.SS,,+(C )i

M, =0
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KANE’S EQUATIONS

N
* Generalized forces: Q= ZE oV, + M, 0]
=
Active forces Corresponding partial velocity
and moments and angular velocity
= A 4
E=-mg—j ¥ v, = 2Sl+21 A

F=— g§° v, V.= —(S+C"Cﬂ)i+1c°
2 m 2J 2 2 1 0 28 2 49.]

<\
[l
l\] >
|&
k=l
[l
~

Q ———(m( +m/,)C, +1
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KANE’S EQUATIONS

NB
* Generalized inertia forces: Ql* = —Z | 0% .Vil +Mi*-6)i1
i=1

Inertia forces
and moments

1

= V4 . 2\e : 2\
=-m 51((—89u1 —Cu)i+(CuU -3y )J)

= f] .
F = (258 258G +CCS Jeu +
27B

. ame "
+[(2c,5,-2¢,SC-C,SS)L, +£1C§:|uf)1—mT(Cgul —su)]

F = ;‘é (zzsﬁ_gs;q +[¢.SS,, +€1C;]u,2)i

2B
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Corresponding partial velocity

and angular velocity

Vi:_%sai-i__l 93
v =t | <5+ 2+1c
s, 2
v;=£1C9—ﬁ
Sﬂ

63

[ KANE’S EQUATIONS

NB
* Generalized inertia forces: Q = —Z E'ev + M @
i1

Inertia forces
and moments

Corresponding partial velocity

and angular velocity

MI:_IIUIR (Y)i=k
=" csuilrce —rss )k @ =k
20 ,BL11+|:1 0= p 20 ﬂ]LII) 2

2
12S,

Q =a,0.8,0U, +8,0, 8,07
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KANE’S EQUATIONS ]

* Equations of Motion

(m& _;rnzgz) gEICQ =T

a0, 4, 0U, +8,(6, B, U +

0=U

IB _ _ €1C9
0,8,

x=—0C, U

p-6"1

Uy

1 dynamic and 3 kinematic equations
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KANE’S EQUATIONS ]

Procedure to derive Kane’s equations
1. Define the generalized coordinates

2. Determine the system velocities according to generalized
velocities

3. From the system velocities define the generalized speeds

4. From the system constraint equations define the independent
generalized speeds

5. determine the linear relation between the generalized velocities
and independent generalized speeds
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KANE’S EQUATIONS ]

Procedure to derive Kane’s equations (cont.)
6. Express the system velocities according to ind. gen. speeds
7. Evaluate the partial velocities and angular velocities

8. Differentiate the system velocities to obtain the system
acceleration

9. Substitute for time derivatives of the generalized coordinates
according to independent generalized speeds

10. Determine the inertia forces and inertia moments

11. Determine the generalized forces and inertia forces
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KANE’S EQUATIONS ]

Procedure to derive Kane’s equations (cont.)

12. Derive the dynamic equations corresponding to the
independent generalized speeds

13. complete the equations with the kinematic equations (linear
equations between generalized velocities and independent
generalized speeds) and constraint equations based on independent
generalized speeds
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Gibbs-Appell’s Equations
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[ GIBBS-APPELL EQUATIONS ]

Once independent generalized speeds are defined for a system, we can
define the so called Gibbs Function S(q,u,,u,,t) as a function of
generalized coordinates, independent generalized speeds and their time
derivatives. It is defined by analogy to system kinetic energy

* System of Particles:

N N
V. eV . | IR
T:ZEmV‘wi byanalogy S(q9“19“1at):' Emvrvi
I?ll—m_» 1=l
Vi =D YU+
k=1
0S Ne _ _,
* EOM: 5—u=Qk’ Qk :ZE.Yik k:l’_"’n_m
k i=1

n-m
* Kinematic Equations: (; = Z @' (q, DY +9i(q,t), j=1L..,n
k=1
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[ GIBBS-APPELL EQUATIONS ]

= System of Rigid Bodies:
* For every element dm

dS:Edm(\;'-si) where \;7=\;'C+0;)><ﬁ+6)><((7)><f))

* For each body

S= | dS=—

bodyi

r‘qv °V J{ fc é)-+6).xf.omij-m-

[\) p—
o

2

* For the whole system

N N N

. : el . Sle 0 L e )

q,u;,u,,t) :ZS :szvci *Vg +Z(Elci ‘0; +0; x1; 0, ]'mi
i=1 i=1 i=1
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[ GIBBS-APPELL EQUATIONS ]

* Equations of motion

S IV
E_Qk, Q= ZF Vi + Z By k=L..n-m
‘ i=1

* Kinematic equations:

n-m
= Zcb’jkuk +¢;, j=L..,n
=1
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[ GIBBS-APPELL EQUATIONS

* Note: in determination of V., @,, time derivative of q should be
substituted by u,

n-m n-m .
_ = = - = = '
Vi=2 Tk ¥ ¥it = Vi = 2_ Tk ViU T Vi
k=1 k=1
n—m_} _ . n—m_’ - -
_ ' ' - ' ' '
o, =) By +B, = o =) B u +Bu +B;
k=1 k=1

where Yi, Tii» Bix» Bi; ate linear functions of u,since q=®'u, +¢'

It means S is linear in u, and second order in components of u
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP
Zz.

Initial position and precession x

G MNutation
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP

Frames: z

Frame I: Inertial frame (XYZ)

¥4

Frame G: Horizontal Rotating frame (X5 YsZs) G

—

0Og = 0g, = K = ¢Kg X

Frame B: Non-spinning body frame (X,Y,Z, )

—

Frame B: Body frame (xyz)
Ogg =VK, =¥k = 0 =055 +O5 =@Kg +0i, +yk
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP

Generalized coordinates: q =(8,0,w, X, Y)"

Angular velocities components in B, frame:

0y =gke +0i, =0, +pS,j, + 9C.k,

®g =k + 061, +yk = i, + 9S, j, +(9C, + 1)K,

X

X,

Linear velocities components in B, frame: 'Gy )
s JA

(Xa y) = (XA'
Va=Va+Vax =X+ I+ Ry, = (X+ RyC )T+ (Y +RyrSp)J =0

. - d . - . : 3 -
Ve =%+VC/A =Tc/a ZE(RJO) =g x(Rj,))=—R(@C, +y)i, + ROk,
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP

Generalized speeds: U =0, U, =@S,, U, = ¢C, +y7, U, =X, Us = ¥

Kinematic relation between generalized velocities and
generalized speeds

G=U ¢=U/S ¢=-(cotd)u,+u, q,=u, G5 =U

Constraints: v, =0= X+RyC =0, y+RySp=0

u, + RC,u, — Reot, C u, =0

Us + RS, u, — Reot, Su, =0
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP

Independent and dependent generalized speeds:
u = =6,u=¢S,u=¢C, +y), u,=U,=%X U =Y)

u, = Reot, C u, - RC u, us = Reot, S u, — RS u,

-

Kinematic equation based on 5 — U
4 =Y

Independent generalized speeds
Cb =, / Se

N

g, = —(cotO)u, + U,
g, = Reot, C,u, - RC u,

s = Reot, S,u, — RS U,

\
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[ GIBBS-APPELL EQUATIONS

* To construct the Gibbs equations we need

—_Q< Q = ZF-yk+ZM $,, k=L..,n—m

ou,

n-m n-m_, -
el 4 !
V=D YiU Y, o =) Bilu +B
k=1 k=1
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP ]
Linear and angular velocities based on the independent
generalized velocities:
Vc - _R(¢7C9 + W)io + Reko > 6)5 =(9i0 + (bSejo + ((bCe + W)ko
3
Ve :Zﬂuk
~ ~ k=1 ~
=-Ruji, + Ruk, — 'Y{ =RK,, Y; —Reot lo ) 'Yz =0, 'Yt =0
3 —_
G)B:ZB;(U
A ™ ~ k=1
05 =Ui, +U,j, + UK, BI_IO’BZ_JO’B3_kO’ Bt_
80
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP ]

N . . N . . - .
Gibbs function: S= Z% MV + Z(%(T)B-HC +(®g X HC)-(T)BJ
i=l1 i=l1

. - . 'd_ 5

dt dt

—

v = (-RU, + Ru, )i, — (—Ru,u; cot, + Ru?)j, + (R, + Ru,u, K,

A " N . 'd Bd
0g =Ui, +Uj, +tUk, > 0 =—0

a B ot

— —

O + @ X0

@y = (U, —U; cot,+U,U, )iy — (U, +UU, cot,—Uu,)j, + Uk,
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP ]

N . . N . o - .
Gibbs function: S= Z%m?cofrc +Z(%(§B-HC +(0g xHC)-(T)Bj
i=l1 i=l1

H; =l;05= { doly + ijojo + Izkoko)°(u1io +U,j, + U3k0)

= 1 Ui + 1 Uy + Uk, , L=l =1 =1, 1,=1,=2I,

g ><HC - Io(uzusio _u1u3jo)

Bd -

|
d - .
H.=——H.=—H.+o, xH
C dt C dt C B, C

-

=1, ((u1 — U5 cot,+ 2U,U, )i, + (U, +UU, cot,—2U,U;)j, +2u3k0)
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP ]

N . . N . o - .
Gibbs function: S= Z% MV + Z(%(T)B-HC +(®g X HC)-(T)BJ
i=l1 i=l1

1

2 . . . 2 . 2

S=1,u; +§I0(u2u3u1 —u1u3u2)+2I0((u3 -y u,)” + (U, +u,u,) )
1 Ul — o2 ) .

+ (U, + WU, cot,— 20, )(U, + U U, cot,—U,Us )
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[ EXAMPLE: ROLLING DISK WITHOUT SLIP ]
N

Generalized forces: Q= ZF. Fy +M B, k=1,.,n—m

i=1

F:—mk:—m(sgjo +C9120), M:O Ql :_rrgRCH
g Q2 :O
Vo: ¥, =RK,,7,=-Reotiy, 7, =0 | (=0

oS oS . 49
EOM: a_UKZQk a—ul—Q1 = 5U, — U, cot,+ 6U,U, _—FCQ
5—_8 =Q, = U, +uu, cot,—2uu, =0
u2
%z@ = 30, -2uu, =0
3
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EXAMPLE: ROLLING DISK WITHOUT SLIP

q=0,0,¥,%Yy)"

U =g = oC, +y
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e

9

4
R Caj

.1
U = g(uf cot,—6U,U, —

u, =-u,u, cot,+2u,u,

u, =—uu, , .
namic equations
3 Dy quat
ql = U, Kinematic equations
g,=U,/S,
¢, =—(cotO)u, +U,

q, = Reot, C,u, - RC u,

s = Reot, S,u, — RS, U,
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[

SIMILARITY BETWEEN KANE’S AND GIBBS APPELL EQUATIONS ]

Do you see any differencer

Q =Q
c 0SS & s o, (i e . =\ a
Q=== vai Vik T ((’oi Iy + o, x(I °mi))°Bik
ou, o i=1
Ne Ny
N T 3 vy
i1 i1
Ne Ny
Qk :Qk Qk :ZFi°V| +ZM| .(’OI
i1 i1
) A d -
Q =- méci°vik+_Hci'6):(
o dt
d - . s L e L
chi = Ici *©; + O, ><(Ici .('oi)
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