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This paper presents a novel reduced-order observer based control-
ler for a class of Lipschitz nonlinear systems, described by a set of
second order ordinary differential equations. The control law is
designed based on the measured output and estimated states. The
main features are: (1) The computation cost is reduced noticeably,
since the observer is a reduced-order one; (2) The controller guar-
antees semi-global exponential stability for both estimation and
tracking error; and (3) The proposed method can be used in a large
range of applications, especially in mechanical systems. The effec-
tiveness of the proposed method is investigated through the numeri-
cal simulation for a two-degrees-of-freedom robot manipulator
acting on a horizontal worktable. [DOI: 10.1115/1.4007235]

1 Introduction

Observer design for nonlinear systems has been a very active
field of research due to its importance in many practical applica-
tions (for example, see Misawa and Hedrick [1]).

Observer based feedback controller design generally involves
two interrelated stages; observer design and controller design. In
order to cope with the problem of observer and controller design
for nonlinear systems, it is usual to consider special classes of
nonlinear systems. Two particular classes of systems frequently
referred to in the literature are Lipschitz nonlinear systems [2],
and nonlinear systems with a triangular structure [3].

Roughly speaking, there are four approaches to nonlinear ob-
server design. The first one is based on transforming the nonlinear
system into a so called observer normal form causing the dynamic
error of states to be linear so that the state observer can be
designed utilizing linear techniques [4]. In the second approach,
the system dynamics is sub divided into a linear part, which is pre-
sumed to be observable from the system output and a nonlinear
part which is supposedly locally or globally Lipschitz [5,6]. Thus
observer design can be easily performed through solving a Lyapu-
nov or Riccati equation [7].

The third and fourth approaches are the variable structure ob-
server [8], and high gain observer methods [9]. Similar to linear
systems, the state observers of nonlinear systems can be classified
into full-order and reduced-order observers. A reduced-order ob-
server only estimates part of states that are independent of the sys-
tem output, and consequently, it has a lower dimension than that
of a full-order observer [10,11].

Unlike linear systems, separation principle in observer and con-
troller does not generally hold for nonlinear systems indicating
that the observer and controller cannot be designed individually.
Therefore, feedback control problems for nonlinear systems with
output unmeasured states are much more complicated than a case
of full state measurement.

Observer based controller design have been widely studied.
The readers are referred to the available literature, see, for exam-
ple Ref. [8], [12–16], however the observers are full-order ones.

In this paper, for a class of Lipschitz nonlinear systems, a new
reduced-order observer based controller is introduced. Compared
to the previous ones, in addition to reducing the observer order,
and removing some of the limitations in the system dynamics and
control law, the proposed observer based controller benefits from
the system global exponential stability, both in estimation per-
formance and control performance.

The rest of the paper is organized as follows. In Sec. 2, mathe-
matical notations are presented. In Sec. 3 the reduced-order observer
is designed initially. In Sec. 4 the observer based controller is
designed and the system stability, both in the state estimation and
the tracking error is analyzed. Section 5 is devoted to the implemen-
tation of the proposed controller to a constrained robotic system and
for the simulation purposes a two link constrained planar robot is
considered. The concluding comments are included in Sec. 6.

2 Preliminaries

In this section, a class of nonlinear systems is considered and
their governing equations are presented. Let us consider a class of
dynamic systems described by a set of second order ordinary dif-
ferential equation (ODE)

€e ¼ fðe; _e; tÞ þ gðy; tÞu (1)

where e & _e 2 <n represent the system states, y 2 <m is the system
output assumed to be a linear combination of the states; u 2 <n is
the input control vector and g 2 <n�n is assumed to be an invertible
matrix. The nonlinear term fðx; tÞ is assumed to be a Lipschitz
functional vector with respect to state vector x ¼ ½eT ; _eT �T :

Remark: Let an arbitrary function fðt; xÞ : a; b½ � � D! <m be
locally Lipschitz on D � <n. Suppose that @f=@x½ � exists and is
continuous on a; b½ � � D. If for a convex subset W � D, there is a
constant c � 0 such that ð@fðt; xÞÞ=@xk k � c on a; b½ � � D, then

fðt; xÞ � fðt; yÞk k � c x� yk k (2)

for all t 2 a; b½ �; x 2 Wand y 2 W [2].
Denoting the system tracking error by e ¼ x� xd , where

xd ¼ ½eT
d ; _eT

d �
T

is the desired state vector, the governing equations
for the error dynamics can be written as

_e ¼ Aceþ Bcðfðx; tÞ þ gðy; tÞu� €edÞ
y ¼ Cx

(3)

where

Ac ¼
0 I

0 0

� �
; Bc ¼

0

I

� �
(4)

The pair ðAc;CÞ is assumed to be observable and the matrix C to
be a full row rank matrix.

Definition: For an arbitrary positive definite (P.D.) or negative
definite (N.D.) symmetric matrix such as Y, throughout this paper
by Ym and YM, the authors mean the minimum and maximum
eigenvalues of that matrix. Hence we can state

Ym xk k2� xTYx � YM xk k2
(5)

3 Observer Design

In order to estimate the states from the system output y, an ob-
server is designed in the following. Consider an observer defined by
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